
Journal of  Ovonic Research                   Vol. 7, No. 4, July - August 2011, p. 73 - 82 
 
 

 
 

VERIFICATION OF HUME-ROTHERY CONDITION OF PHASE STABILITY  
IN RAPIDLY SOLIDIFIED Sn-Zn BINARY ALLOYS 

 
 
M. KAMAL, A. B. EL-BEDIWI, T. EL-ASHRAMa*, M. E. DORGHAM  
Metal Physics Lab., Physics Department, Faculty of Science, Mansoura 
University, Egypt.  
aPhysics Department, Faculty of Science, Port Said University, Port Said, Egypt.  
 
A group of binary Sn-xZn alloys (x= 6, 7, 8, 9, 10 and 11wt.%) have been produced by a 
single copper roller melt-spinning technique. In this study the Hume-Rothery condition of 
phase stability has been verified. It is found that by increasing valence electron 
concentration VEC the diameter of Fermi sphere 2kF increases which leads to the increase 
in the diameter of Brillouin zone. Also it has been confirmed that the correlation between 
Young's modulus and the axial ratio c/a of β-Sn unit cell, however there is a critical value 
of c/a about 0.54562 beyond which E decreases. It is found also that the volume and shape 
of the unit cell affect both electrical and mechanical properties. 
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1.Introduction 
 
Hume- Rothery found that definite structures of compounds arise in certain ranges of the 

valence electron concentration [1]. These compounds are called Hume-Rothery compounds or 
electron compounds. Indeed, for these phases a band energy minimization occurs when the Fermi 
sphere touches a pseudo-Brillouin zone (prominent Brillouin zone), constructed by Bragg vectors 
KB corresponding to intense peaks in the experimental diffraction pattern. When the Brillouin zone 
boundary touches the Fermi sphere, the structure corresponding to the zone will be stabilized. As a 
result, a pseudo-gap of density of states around the Fermi level will arise. This is the Hume- 
Rothery condition of phase stability i.e., KB = 2kF where KB is the diameter of the Brillouin zone 
and kF is the radius of Fermi sphere.  

Therefore the most important parameter affecting the structure, stability and properties of 
alloys is valence electron concentration (VEC). This quantity indicates the number of all valence 
electrons in the alloy per number of atoms. [2, 3] found that the axial ratio c/a of the β-Sn 
tetragonal unit cell increases by increasing VEC and decreases by decreasing VEC. This 
observation is confirmed recently by [4]. The increase in the axial ratio with decreasing VEC was 
explained qualitatively by [2, 5] on the basis of the interaction between Fermi surface  and 
Brillouin zone. Also it is found by [6] that the most important factor for the formation of stable 
quasicrystals is the valence electron concentration. [4, 7]  found a connection between Young’s 
modulus and the axial ratio c/a of the tetragonal unit cell of β-Sn. They observed that Young’s 
modulus increases by increasing the axial ratio and the resistivity decreases by increasing c/a. This 
means that the dependence of both Young's modulus and resistivity on VEC. 

Fermi parameters such as Fermi energy EF, radius of Fermi sphere kF  Fermi velocity vF, 
and the diameter of the Brillouin zone KB can be calculated from the following equations; 

, , ,  
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where N /V is the total number of electrons per unit volume in the alloy, m is the effective mass, ħ 
is the reduced Plank's constant and dhkl is the interplanar distance.  

The objective of the present work is to verify the  Hume-Rothery condition of phase 
stability and to study the structure and properties of rapidly solidified Sn-Zn binary alloys using 
single roller melt-spinning technique. Rapid solidification has been used in the present work to 
prevent rejection of extra solute atoms and thus prevent precipitation, from a solid solution.  

 
2. Experimental procedures  
 
A group of binary Sn--xZn alloys (x= 6, 7, 8, 9, 10 and 11wt.%) have been produced by a 

single copper roller melt-spinning technique. Required quantities of the used metals were weighed 
out and melted in a porcelain crucible. After the alloys were molten, the melt was thoroughly 
agitated to effect homogenization. The casting was done in air at a melt temperature of 800 °C. 
The speed of the copper wheel was fixed at 2900 r.p.m. which corresponds to a linear speed of 
30.4 m.s-1. X-ray diffraction analysis is carried out with a Shimadzu x-ray diffractometer (DX-
30), using Cu-Kα radiation with a Ni-filter (λ = 0.154056 nm). Differential thermal analysis (DTA) 
is carried out in a Shimadzu DT-50 with heating rate 10 K/min. The measurement of resistivity is 
carried out by the double bridge method [8]. Young's modulus was measured by the dynamical 
resonance method [9]. Vickers microhardness number (HV) is measured using the FM-7 
microhardness tester.  

 
3. Results and discussion 
 
3.1. Structure 
 
Fig. 1 shows the x-ray diffraction patterns for as- quenched melt- spun Sn-Zn alloys. It is 

found that the structure of  all alloys consists of eutectic mixture  of Sn and Zn solid solutions. The 
Zn phase precipitates in all alloys as indicated by Zn peaks as shown in Fig. 1. Both the number 
and the intensity of Zn peaks  increases with increasing Zn concentration, which indicates more 
precipitation of Zn phase in the Sn matrix.  
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Fig. 1. X-ray diffraction pattern for as quenched melt spun (a)Sn-6Zn, (b)Sn-7Zn,              
(c)Sn-8Zn, (d)Sn-9Zn and (e)Sn-10Zn (f) Sn-11Zn alloys. All peaks are for β-Sn and the  
                                       peaks for Zn are indicated by *.  

 
 

Fig. 2.a and Fig.2.b show the variation of lattice parameters a, c and the axial ratio c/a of 
the β- Sn matrix  with valence electron concentration VEC. Both a and c decreases by increasing 
VEC to a minimum value and then increase by increasing VEC. The resulting axial ratio c/a is 
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shown in Fig. 2.c. c/a has a maximum value (0.5456) at VEC of 3.6643 corresponding to 8wt.% 
Zn, this means extension of the unit cell along c-axis and minimum value (0.5452) at VEC of  
3.7595 corresponding to 7wt.% Zn which means the contraction of the unit cell along c-axis.  
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Fig. 2. The variations of lattice parameters (a) a, (b) c and (c) the axial ratio c/a. 
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Fig. 3. The variation of (a) volume of unit cell and (b) intensity ratio from (101) and (200) 

planes with VEC. 
 

Fig. 3.a shows the variation of  volume of unit cell v with VEC. It is found that the volume 
of unit cell decreases by increasing VEC to a minimum value 107.368 at 3.727 corresponding to 
8wt.% Zn and then increases to maximum value 107.74 at 3.792. (see also Table.1). Fig. 3.b shows 
the variation of the intensity ratio from (101) to (200) planes I101/I200 of β-Sn matrix with VEC. It 
is found that the ratio decreases by increasing VEC. The value of I101/I200 for pure Sn rapidly 
solidified was found to be 1.1 [10]. The addition of 6 wt.% Zn decreases this value to 0.237. This 
may be due to that the Zn atoms takes positions in (200) plane in the Sn lattice.  
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Fig. 4. The relationship between the diameter of the Brillouin zone KB and the diameter of 

the Fermi sphere 2kF. 
 
  
 The relationship between the diameter of the Brillouin zone KB and the diameter of the 
Fermi sphere 2kF is shown in Fig. 4. A linear correlation is found between KB and 2kF. As 2kF 
increases, KB increases in agreement of the condition of stability (see also Table. 1). The value of 
KB is calculated for (211) planes. This is a direct evidence on the interaction between Fermi sphere 
and Brillouin zone and verification of Hume-Rothery condition of phase stability. 
 

Table. 1:The Fermi parameters and the diameter of the Brillouin zone. 
 

wt.% 
Zn in 

Sn 

at.% Zn 
in Sn VEC 

n 
×1023  
(cm-3) 

v  (Å3) KB211 
(Å-1) 

2kF 
(Å-1) EF (eV) VF x104 

(ms-1) 

6 10.3829 3.79233 1.5176 107.7397 3.1196 3.3003 0.6473 1.9092 
7 12.0199 3.75959 1.5221 107.5408 3.1217 3.30358 0.6485 1.9111 
8 13.632 3.72735 1.5262 107.3679 3.1232 3.30657 0.6497 1.9129 
9 15.2195 3.6956 1.5300 107.5188 3.1218 3.30931 0.6508 1.9144 

10 16.7831 3.66432 1.5335 107.5492 3.1214 3.3118 0.6518 1.9159 
11 18.3233 3.63352 1.5366 107.4611 3.1223 3.31406 0.6527 1.9172 

 
From Table. 1 it is clear that as the Zn concentration increases VEC decreases since the 

valency of Zn is +2. All of the Fermi parameters decreases by increasing VEC and vice versa. The 
decrease in v with increasing VEC means that the volume of the first Brillouin zone increases by 
increasing VEC since they are inversely proportional to each other. This is also indicated by the 
increase in KB with increasing VEC. Therefore by increasing VEC the diameter of Fermi sphere 
increases which leads to the increase of the diameter of Brillouin zone and which in turns due the 
decrease in the volume of the unit cell.     

 
3.2 Thermal analysis    
 
The DTA curves obtained for as- quenched melt- spun Sn-xZn alloys (x= 6, 7, 8, 9, 10, 

and 11 wt.%) are shown in Fig. 5. No phase transition before melting is observed. The variation of 
the enthalpy ∆H of fusion with valence electron concentration VEC is shown in Fig. 6.a. ∆H 
increases by increasing VEC to a maximum value 69.2x103 Jkg-1  at VEC of  3.727 and then ∆H 
decreases with VEC to a minimum value 45.68 x103 Jkg-1 at VEC of 3.6956. The solidus Ts and 
liquidus Tl temperatures are  shown in Fig. 6.b. It is evident that the Sn-10Zn alloy is the eutectic 
alloy because it has the lowest melting point. Also the eutectic reaction is found to occur at about 
471 K.  
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Fig. 5. Differential thermal analysis for as quenched melt spun (a)Sn-6Zn,  (b)Sn-7Zn, 

(c)Sn-8Zn, (d)Sn-9Zn, (e)Sn-10Zn and (f)Sn-11Zn alloys. 
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Fig. 6. The variation of (a) enthalpy of fusion, (b) solidus and liquidus temperatures with VEC. 

 
 

3.3 Electrical properties 
 
The temperature dependence of the  electrical resistivity (ρ) of as-quenched melt-spun 

alloys is shown in Fig. 7.a. The resistivity increases linearly with temperature and there is no phase 
transition before melting in agreement with DTA results. Fig.7.b shows the variation of the 
resistivity at room temperature with valence electron concentration (VEC). The resistivity increase 
by increasing VEC up to maximum value 27.6x10-8 ohm.m at 3.727 corresponding to 8wt.% Zn 
and then decreases to minimum value 17.25x10-8 ohm.m at 3.82 corresponding to 5wt.% Zn. The 
decrease of can be explained in terms of VEC as the following; since the resistivity is given by 

  where m is the effective mass of the electron, vf is Fermi velocity, n is the number of 
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electrons per unit volume, e the electron charge and l is the mean free path. From Table. 1 it is 
found that vf decreases by increasing VEC, therefore the resistivity will decrease with VEC. The 
change in trend at VEC of 3.727 (corresponding to 8 wt.%) may be due to the inflection in both c/a 
and v which occurs at this composition. 
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Fig. 7. (a) The temperature dependence of resistivity (b) The varaition of resistivity at 

room temperature and (c) temperature coefficient of resistivity with VEC. 
 
 
Fig. 7.c shows the variation of temperature coefficient of resistivity α with VEC. It is found that α 
decreases with increasing VEC to minimum value 2.63 x10-3 K-1 at VEC 3.727 corresponding to 8 
wt.% Zn and then increases by increasing VEC. The minimum value of α corresponding to the 
maximum value of ρ. Also a change in trend is found at 8 wt.% Zn which occurs also for  c/a and 
v at this composition. It is well known that the relaxation time is inversely proportional to the 
temperature which leads to the linear dependence of the resistivity with temperature. Also the 
temperature coefficient of resistivity is inversely proportional to relaxation time. The relaxation 
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time is given by; Therefore as the  relaxation time increases by increasing vf this causes α to 

decrease with VEC since vf decreases by increasing VEC as indicated in Table. 1. 
 

3.4 Mechanical properties 
 
Fig. 8.a  shows the variation of Young’s modulus (E) with valance electron concentration 

VEC. It is evident that E decreases by increasing VEC to a minimum value  42.11 GPa at 3.7272 
corresponding to 8 wt.% Zn and then increases by increasing VEC. Also there is inflection in the 
trend observed at 8 wt.% which is also observed for ρ and α corresponding to the observed 
inflection for c/a and v. E can be explained in terms of c/a since [4] observed a connection 
between E and c/a. Fig. 8.b  shows the variation of Young’s modulus (E) with c/a. E increases 
with increasing c/a up to certain critical value about 0.54562 after which E begin to decreases. The 
increase in c/a ratio means the stretching of the unit cell along the c-axis, this modification in the 
shape of unit cell of Sn matrix may results in an increase in the bond strength which results in an 
increase in Young's modulus.  

(a)

35

40

45

50

55

60

65

3.62 3.66 3.70 3.74 3.78
VEC

E
 G

Pa

 

(b)

20

30

40

50

60

70

80

0.54515 0.54525 0.54535 0.54545 0.54555 0.54565

c/a

E
 G

Pa

 
 

Fig. 8. Variation of Young's modulus with axial ratio (a) and VEC (b). 
 

Fig. 9.a shows the variation of internal friction Q-1 with valence electron concentration 
VEC. The maximum value of Q-1 (43.54 x10-2) is observed at 3.7595 corresponding to 7 wt.% Zn 
and the minimum value (18.69 x10-2) is observed at 3.727 corresponding to 8 wt.% Zn. There are 
several mechanisms by which internal friction results such as the thermoelastic effect, the motion 
of interstitial and substitutional atoms, the intercrystalline thermal current and the motion of 
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dislocations. Which of these mechanisms is operative depends on the frequency. In the frequency 
range from 0.1 to 20 Hz used in the present work the mechanism inherent here is the motion of 
interstitial atoms. The movement of Zn atoms in the Sn lattice is restricted by the shape of the Sn 
unit cell this is clear if we notice the following. The maximum value of Q-1 is corresponding to the 
minimum value of c/a at VEC of 3.759 (7wt.% Zn). And the minimum value of  Q-1 is 

corresponding to the maximum value of c/a at 3.727 (8wt.% Zn).  
Fig. 9.b shows the variation of Vickers microhardness number HV with VEC. It is found that HV 
decreases with increasing VEC from 243 MPa to a 141 MPa. This means that HV increases by 
increasing Zn concentration. The increase in hardness due to the addition of Zn is attributed to two 
reasons. The first is solution hardening i.e. the substitutional Zn atoms cause local elastic strains in 
the Sn crystals. These local strains hinder the motion of dislocations and hence increase the 
hardness. The second reason is dispersion hardening i.e. the presence of a dispersion of small 
particles of Zn also hinder the motion of dislocations so increases the hardness.  
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Fig. 9. Variation  of internal friction (Q-1) (a) and Vickers microhardness number (HV) (b) with VEC. 
 
 

4.Conclusions 
 
In this study the Hume-Rothery condition of phase stability has been verified. By 

increasing valence electron concentration VEC the diameter of Fermi sphere 2kF increases which 
leads to the increase in the diameter of Brillouin zone. The electrical resistivity decreases by 
increasing VEC due to the decrease of the Fermi velocity with increasing VEC. Also it has been 
confirmed that the correlation between Young's modulus and the axial ratio c/a of β-Sn unit cell, 
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however there is critical value of c/a about 0.54562 beyond which E decreases. It is found also that 
the volume and shape of the unit cell affect both electrical and mechanical properties. In 
conclusion, valence electron concentration is the most important factor affecting the structure and 
properties changes of Sn-Zn alloys. 
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